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SELF C2-EQUIVALENCE OF TWO-COMPONENT LINKS AND
INVARIANTS OF LINK MAPS
SERGEY A. MELIKHOV
Abstract. We use Kirk’s invariant of link maps S2 unionsq S2 → S4 and its variations due
to Koschorke and Kirk–Livingston to deduce results about classical links. Namely, we
give a new proof of the Nakanishi–Ohyama classification of two-component links in S3
up to ∆-link homotopy. We also prove its version for string links, which is due (in a
slightly different form) to Fleming–Yasuhara. The proofs do not use Clasper Theory.
1. Introduction
Two classical links (or string links) are Ck-equivalent if they are related by a sequence
of Ck-moves of Gusarov and Habiro, and self Ck-equivalent if additionally each of these
Ck-moves involves strands only from one component. Invariants of Ck+1-equivalence
include all type k invariants in the sense of Vassiliev [8], [6], whereas invariants of self
Ck-equivalence include not only these, but also all type k invariants in the sense of Kirk
and Livingston (by similar arguments). Kirk–Livingston type k invariants [13] (see also
[23]) are those link invariants whose extension to singular links vanishes on all link maps
with > k double points (but not necessarily on all singular links with > k double points).
They remain much more mysterious than Vassiliev finite type invariants. In particular,
Kirk and Livingston conjectured that the group of type 2 invariants in their sense has
infinite rank for 2-component links with any linking number [13].
Self C1-equivalence is better known as link homotopy. String links are classified up to
link homotopy by µ-invariants with distinct indices [9], and a link is link homotopic to
the unlink if and only if all its µ¯-invariants with distinct indices vanish [24]. There is an
algorithmic classification of links up to link homotopy [9], and classification in terms of
explicit invariants is known for 3-component [24] and 4-component [16] links.
Self C2-equivalence is also known as ∆-link homotopy (since C2-moves are also known
as ∆-moves). Yasuhara proved that a link is ∆-link homotopic to the unlink if and only
if all its µ¯-invariants with at most two occurrences of each index vanish [31]. He also
proved that string links are classified up to the equivalence relation generated by ∆-link
homotopy and concordance by µ-invariants in which at most two occurrences of each
index vanish [32]. (See also [19; §6] for a classification of 2-component string links up to
the equivalence relation generated by self-C3-equivalence and concordance.) However, in
general µ¯-invariants do not suffice even to detect self Ck-triviality: by a result of Fleming
and Yasuhara [5], the Whitehead double of the Whitehead link (which is a boundary
link, so all its µ¯-invariants vanish) is not self C3-equivalent to the unlink. In fact, as
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observed by the same authors [4], self C2-triviality of string links is already not detected
by their µ-invariants (see Example 3.4 below).
In 2003, Nakanishi and Ohyama obtained a classification of 2-component links up
to ∆-link homotopy [26]. Namely, they are classified by the linking number and the
generalized Sato–Levine invariant — which are the first two coefficients of the power
series ∇L/(∇K1∇K2), where ∇L and ∇Ki are the Conway polynomials of the link and
of its components. These two invariants also generate all Kirk–Livingston invariants of
type ≤ 1 for two-component links [13]. (See §3.4 for further details on the generalized
Sato–Levine invariant.)
Using Kirk’s invariant of link maps S2 unionsqS2 → S4 and its variations due to Koschorke
and Kirk–Livingston (or rather their referee), we obtain a new proof of the Nakanishi–
Ohyama theorem (Theorem 5.9), and also of its version for string links (Theorem 5.6);
a slightly different string link version was obtained by Fleming and Yasuhara [4]. In the
course of the proof we also compute the images of the three said link map invariants
(Corollaries 3.6, 3.7 and 4.6). These images are known from the literature, but with-
out proof in one case (the Kirk–Livingston invariant) and with accurate, but not very
detailed proofs in the other two cases. Since we actually need relative versions of these
computations (Theorems 3.5 and 4.5), we take the opportunity to give a more accessible
exposition of all these matters, including the necessary background. This exposition on
link map invariants accounts for almost 2/3 of the length of the paper. The role of link
map invariants in our approach to ∆-link homotopy is comparable to the role of Clasper
Theory in the proofs by Nakanishi–Ohyama and Fleming–Yasuhara.
The point of our new proof of the Nakanishi–Ohyama theorem is that it provides
• a connection between ∆-link homotopy in S3 and link homotopy in S4;
• an approach to classifying n-component string links up to ∆-link homotopy.
This approach is being pursued in a subsequent work by the author. In fact, the present
note has been a part of that work in progress. However, as the latter is growing into a
longer text whose completion is competing for the author’s time with a number of other
projects, the two-component case now appears to make more sense as a self-contained
standalone note. In fact, a two-page sketch of the present note was a part of a preprint
privately circulated by the author in 2007.
1.1. Sketch of the proof. Suppose that L,L′ : S1+ unionsq S1− ↪→ S3 are links with the
same linking number lk(L) = lk(L′) and the same generalized Sato–Levine invariant
β(L) = β(L′). We want to show that they are ∆-link homotopic.
Since lk(L) = lk(L′), there is a generic smooth link homotopy ht between L and L′.
Every double point z = ht(p) = ht(q) of this homotopy splits the singular circle ht(S
1
σz)
into two ‘lobes’ ht(Jz) and ht(J
′
z), where Jz and J
′
z are complementary arcs in S
1
σz with
common endpoints p and q. The linking numbers lz, l
′
z between these lobes and the
other component ht(S
1
−σz) satisfy lz + l
′
z = lk(L). Let us say that the double point z
“algebraically cancels” another double point w of the same homotopy ht if they occur
on the same component (i.e. σz = σw); the signs of z and w (as normal double points,
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see §2.2) are opposite; and the unordered pairs {lz, l′z} and {lw, l′w} coincide. Since
β(L) = β(L′), it follows from a study of invariants of link maps (see Corollary 4.7) that
ht can be amended (by inserting an appropriate self-link-homotopy of L) into a new link
homotopy between L and L′ (still denoted ht) whose double points can be grouped into
algebraically canceling pairs.
The remainder of the proof is purely geometric (see §5 for the details). By “delay-
ing” some crossing changes in ht, we can modify it further so that all double points on
S1+ occur during the time interval [
1
5
, 2
5
] and those on S1− occur during [
3
5
, 4
5
], and each
singular level of the homotopy contains precisely two double points z, w with opposite
signs and with {lz, l′z} = {lw, l′w}. (The “delaying” of a crossing change in a homotopy
is a straightforward geometric construction based on two facts: that a pair of crossing
changes that are close in time “commute”, and that each segment of the smooth ho-
motopy involving no crossing changes is covered by an ambient isotopy.) We may also
assume that in fact lz = lw and Jz ⊂ Jw for each pair (z, w) as above, since it is not
hard to slide the endpoints of Jz past those of Jw in any desired way.
Since there are no nontrivial type 1 Vassiliev invariants of knots, every knot can be
undone into the unknot by C2-moves. Thus, by making use of the delaying technique,
we may assume that S1− is unknotted during the time interval [
1
5
, 2
5
] and S1+ is unknotted
during [3
5
, 4
5
]. Then for each pair (z, w) of simultaneous double points as above, occurring
at some time instant t, the ht-images of the two arcs Jw \ Jz bound a Whitney disk in
the complement to the other component, S3 \ ht(S1−σz). The interior of this Whitney
disk may intersect its own component ht(S
1
σz), but if there is just one intersection, then
the effect of the two simultaneous self-intersections at z and w is the same as that of a
self C2-move. If there are n intersections, then the two simultaneous self-intersections
can be similarly replaced by n self C2-moves.
The proof of the string link version follows the same pattern, and in fact is considerably
easier (in the algebraic part).
2. Preliminaries
2.1. Tangles, links and string links. A map f between smooth manifolds N and
M , where N is compact, is called proper if f−1(∂M) = ∂N . By a tangle we mean a
proper smooth embedding of a compact 1-manifold in a 3-manifold. This includes links
L : S1 unionsq · · · unionsq S1 ↪→ S3, tangles of the form S1 unionsq · · · unionsq S1 ↪→ S3 \ im(L), where L is a
link, and string links Λ =
⊔
i Λi : I unionsq · · · unionsq I ↪→ I × R2, where Λi(j) = (j, i, 0) for all
j ∈ ∂I. Here I = [0, 1] is endowed with the orientation given by the frame consisting of
the tangent vector ∂
∂t
. The trivial string link Ξ =
⊔
i Ξi : I unionsq · · · unionsq I ↪→ I ×R2 is defined
by Ξi(t) = (t, i, 0) for all t ∈ I. When drawing string links, we mean {0} × R2 to be on
the left and {1}×R2 to be on the right. When drawing links or string links, we assume
the orientation to be given by a frame (v1, v2, v3), where v1 and v2 lie in the plane of
the drawing, so that the rotation from v1 to v2 is counter-clockwise, and v3 points away
from the reader.
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2.2. Singular tangles. A double point z = f(x) = f(y) of a smooth map f : N → M
of a 1-manifold into a 3-manifold will be called normal if it is not a triple point, and the
vectors dfx(1), dfy(1) in the tangent space TzM are linearly independent. By a singular
tangle we mean a proper smooth immersion of a compact 1-manifold in a 3-manifold
with finitely many double points, all of which are normal.
A double point z = f(x, t) = f(y, t) of a smooth homotopy F : N × I → M will be
called normal if it is not a triple point and the tangent vectors dF(x,t)(1, 0), dF(y,t)(1, 0)
and dF(x,t)(0, 1) − dF(y,t)(0, 1) are linearly independent. The sign of the frame formed
by these three vectors with respect to a fixed orientation of M is called the sign of the
normal double point of the homotopy. (With the above orientation conventions, this
agrees with the usual sign convention for finite type invariants of links and string links.)
Clearly, this sign does not change if x and y are interchanged.
2.3. Link maps. A link map f : N → M , where M is a smooth manifold and N is a
compact smooth manifold with a fixed presentation N = N1 unionsq · · · unionsq Nm as a disjoint
union, is a continuous proper map such that f(Ni) ∩ f(Nj) = ∅ whenever i 6= j. For
our purposes, the Ni will always be connected, so that the decomposition of N into a
disjoint union is automatic. A link homotopy ht : N → M is a homotopy through link
maps that keeps ∂N fixed. We will denote by LMN→M the set of link homotopy classes
of link maps N →M .
A link map concordance (also called singular link concordance) between link maps
f0, f1 : N → M is a link map H : N × I → M × I such that H(x, i) = (fi(x), i) for
i = 0, 1 and H(x, t) = (f0(x), t) for all x ∈ ∂N . A link homotopy can be equivalently
understood as a level-preserving link map concordance, and we will switch between the
two understandings freely. In general link map concordance does not imply imply link
homotopy [29], but for link maps of codimension at least two it does, by a well-known
unpublished result of X.-S. Lin (in the classical dimension) and P. Teichner (in higher
dimensions); see [2; §5], [7], [21], [22] and references there (see also [9; Theorem 1.7]).
2.4. (S)LH and (S)LC. Let LHL,L′ be the set of fiberwise link homotopy classes of link
homotopies between tangles L,L′ : N → M . (A homotopy between two homotopies is
called fiberwise if it goes through homotopies.) Clearly, LHN→M :=
⊔
L,L′ : N→M LHL,L′
is a groupoid, whose composition of morphisms is given by ([h], [h′]) 7→ [h ∗ h′], where
h ∗ h′ is obtained by consecutive execution of the link homotopies h and h′, and the
inverse is given by [h] 7→ [h¯], where h¯ obtained by reversing time in h. In particular,
SLHL := LHL,L is a group under these operations.
Let LCL,L′ denote the set of link homotopy classes of link map concordances between
tangles L,L′ : N → M . Similarly to the above, LCN→M :=
⊔
L,L′ : N→M LCL,L′ is a
groupoid, and in particular, SLCL := LCL,L is a group.
2.5. Action of SLH on LH. SLHL acts on the left on LHL,L′ , and this action is
transitive and free. Namely, upon selecting a basepoint [b] ∈ LHL,L′ we get a bijection
ϕb : SLHL → LHL,L′ given by [g] 7→ [g ∗ b], whose inverse is given by [h] 7→ [h ∗ b¯].
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Similarly we also have a bijection ψb : SLHL′ → LHL,L′ , [g] 7→ [b∗g], and the composition
ψ−1b ϕb : SLHL → SLHL′ , [g] 7→ [b¯ ∗ g ∗ b], is easily seen to be a group homomorphism,
hence an isomorphism.
Now let Λ: I unionsq · · · unionsq I ↪→ I×R2 be a string link. Then SLHΛ is isomorphic to SLHΞ,
and consequently SLHΞ has two actions on each LHΛ,Λ′ for any choice of b ∈ LHΞ,Λ and
b′ ∈ LHΞ,Λ′ : a left action [g] · [h] = [b¯∗g ∗ b∗h] and a right action [h] · [g] = [h∗ b¯′ ∗ g ∗ b′].
If # denotes the usual stacked sum of string links, and also the stacked sum of link
homotopies, then LHΛ,Λ′ = LHΛ#Ξ,Λ′#Ξ and [h] = [h#1Ξ], where 1Ξ is the identical link
homotopy of Ξ, and consequently
[g] · [h] = [(b¯#1Ξ)∗ (1Ξ#g)∗ (b#1Ξ)∗ (h#1Ξ)] = [(b¯∗1Ξ ∗b∗h)#(1Ξ ∗g ∗1Ξ ∗1Ξ)] = [h#g]
and similarly
[h]·[g] = [(h#1Ξ)∗(b¯′#1Ξ)∗(1Ξ#g)∗(b′#1Ξ)] = [(h∗ b¯′∗1Ξ∗b′)#(1Ξ∗1Ξ∗g∗1Ξ)] = [h#g].
Thus the two actions are independent of the choice of b and b′ and coincide with each
other. In particular, by considering Λ = Λ′ = Ξ we get that SLHΞ is abelian, and that
its multiplication can be described using # rather than ∗. However, we do not have an
alternative description of the inverse in this group.
2.6. Inverse in SLC. All that has been said above about the structure of LHN→M also
applies to LCN→M . In addition, the inverse in SLCΞ can be described using reflection.
Namely, the reflection ρΛ =
⊔
ρΛi of a string link Λ =
⊔
i Λi is defined by precomposing
each Λi with the reflection I → I, t 7→ 1 − t, and postcomposing it with the reflection
I × R2 → I × R2, (t, x) 7→ (1 − t, x). Similarly, the reflection ρH = ⊔ ρHi of a link
map concordance H =
⊔
iHi of string links is defined by precomposing each Hi with
the reflection I × I → I × I, (t, s) 7→ (1− t, s), and postcomposing it with the reflection
I × R2 × I → I × R2 × I, (t, x, s) 7→ (1− t, x, s). By a standard construction, Λ#ρΛ is
concordant to Ξ; similarly, H#ρH is link map concordant to 1Ξ.
3. Algebra: string links
The present section is essentially an extended version of [20; §2.4] (which is two pages
of somewhat terse text). Here we slightly improve on the result, present the proof in
more detail, and review the necessary background.
3.1. Kirk–Koschorke invariant. Let h = h+unionsqh− : (IunionsqI)×I → I×R2×I be a generic
link homotopy between string links Λ,Λ′ : I unionsq I ↪→ I ×R2; here “generic” means that it
is a self-transverse regular homotopy with at most one double point at each instant of
time. In particular, the sets ∆(h+) and ∆(h−) of double points of h+ and h− are finite.
For each h+(x, t) = h+(y, t) = z ∈ ∆(h+) let εz be the sign of z (as a normal double
point, see §2.2) and let Jz = [x, y] be the unique arc in I between x and y, with orientation
induced from a fixed orientation of I. Let lz be the linking number between h+(Jz×{t})
and h−(I × {t}), that is, the class of h+(Jz × {t}) in H1
(
I ×R2 × {t} \ h−(I × {t})
) '
H1(I, ∂I) ' Z.
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We define Σ(h) to be the pair of Laurent polynomials
Σ+(h) :=
∑
z∈∆(h+)
εz(t
lz − 1) ∈ Z[t±1],
and Σ−(h), which is defined similarly by interchanging the roles of h+ and h−. The
point of subtracting 1 is to kill the contribution from each double point z ∈ ∆(h±) such
that lz = 0; because of this subtraction, Σ(h)|t=1 = (0, 0).
It is easy to see that Σ(h) is invariant under fiberwise link homotopy of h, since for
each integer g 6= 0 the oriented 0-manifold ∆g(h±) = {z ∈ ∆(h±) | lz = g} changes by
an oriented bordism under a generic fiberwise link homotopy of h. In particular, Σ(h)
is well-defined for an arbitrary (not necessarily generic) link homotopy h between string
links (since its sufficiently close generic approximations h′, h′′ are related by a generic
fiberwise link homotopy).
When h is a self-link-homotopy of the trivial string link Ξ, Σ(h) is essentially the same
as Koschorke’s fiberwise, basepoint-preserving version of Kirk’s invariant [14].
Clearly, Σ: LHIunionsqI→I×R2 → Z[t±1] ⊕ Z[t±1] is a morphism of groupoids, due to Σ(h ∗
h′) = Σ(h) + Σ(h′) and Σ(h¯) = −Σ(h). In particular, Σ: SLHΛ → Z[t±1] ⊕ Z[t±1] is a
group homomorphism.
3.2. Jin suspension. A two-component string link Λ = Λ+unionsqΛ− : IunionsqI ↪→ I×R2 (where
Λ±(i) = (i,±1, 0) for i ∈ ∂I) will be called semi-contractible if it factors through a proper
embedding into I×[−1, 1]×[−1, 1], and Λ± is homotopic to Ξ± (where Ξ±(t) = (t,±1, 0)
for t ∈ I) with values in X± := I × [−1, 1]× [−1, 1] \ Λ∓(I) by a homotopy h± keeping
the endpoints fixed. Let us note that any other such homotopy h′± is homotopic to h±
through such homotopies since pi2(X±) = 0 by the Sphere Theorem of Papakiryakopou-
los. Clearly, if Λ is a semi-contractible string link, then lk(Λ) = 0. The converse is not
true in general, but if Λ has unknotted components and zero linking number, then it
is semi-contractible. (Indeed, since lk(Λ) = 0, the loop formed by Λ± and Ξ± is null-
homologous in X±; but if Λ∓ is unknotted, then pi1(X±) ' Z, and therefore this loop is
in fact null-homotopic in X±.)
Given a semi-contractible string link Λ = Λ+ unionsq Λ−, a homotopy h± as above extends
to the link homotopy H±t := h±t unionsq Λ∓ : I unionsq I → I × R2 from Λ to Ξ± unionsq Λ∓, which
moves only one component. Let G± be the linear link homotopy from Ξ± unionsq Λ∓ to Ξ,
that is, G±t = Ξ± unionsq g±t, where g±t(s) = (1 − t)Λ∓(s) + tΞ∓(s). Then H+ ∗ G+ and
H− ∗G− are link homotopies from Λ to Ξ. Consequently JL : = G¯+ ∗ H¯+ ∗H− ∗G− is a
self-link-homotopy of Ξ, which is well-defined up to fiberwise link homotopy and is called
the Jin suspension of the semi-contractible string link Λ. This is parallel to Koschorke’s
basepoint-preserving version of Jin’s construction [14]. We write J¯Λ to mean JΛ with
time reversed. Thus Σ(J¯Λ) = −Σ(JΛ).
Much of what follows will rest on the following two examples.
Example 3.1. (Compare [3], [14], [20].) Let Ψ be the Whitehead string link, shown
in the top left and (again) in the top right of Figure 1. If cl denotes the usual closure
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z w
Figure 1. The Jin suspension of the Whitehead string link Ψ
operation from string links to links, cl Ψ is the Whitehead link. The Jin suspension
J(Ψ) is the self-link-homotopy of the trivial string link shown in Figure 1. It has two
double points: a self-intersection z of the first component with εz = 1 and lz = 1; and a
self-intersection w of the second component with εw = −1 and lw = 1. Thus
Σ(JΨ) =
(
t− 1, 1− t).
Example 3.2. (Compare [11], [14], [20].) We consider a family of string links Ψmn such
that cl Ψmn is the Whitehead link (m, 1)-cabled along the first component and (n, 1)-
cabled along the second component. Ψ3,−2 is shown in the top left and (again) in the top
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right of Figure 2. The Jin suspension J(Ψmn) can be represented by a link homotopy
with 2m2 + 2n2 double points (see Figure 2 for the case of J(Ψ3,−2)):
• zij on the 1st component, 1 ≤ i, j ≤ m, with εzij = 1 and lzij = n sign(i− j);
• z′ij on the 1st component, 1 ≤ i, j ≤ m, with εz′ij = −1 and lz′ij = 0;
• wij on the 2nd component, 1 ≤ i, j ≤ n, with εwij = −1 and lwij = m sign(i− j);
• w′ij on the 2nd component, 1 ≤ i, j ≤ n, with εw′ij = 1 and lw′ij = 0.
Here sign 0 = 1. Thus
Σ(JΨmn) =
(
m2+m
2
(tn − 1) + m2−m
2
(t−n − 1), n2+n
2
(1− tm) + n2−n
2
(1− t−m)).
For our purposes only Ψ+n := Ψn1 and Ψ
−
n := Ψ1n will be needed. We have
Σ(JΨ+n ) =
(
n2+n
2
(t− 1) + n2−n
2
(t−1 − 1), 1− tn)
=
(
n2
2
(t+ t−1 − 2) + n
2
(t− t−1), 1− tn)
and
Σ±(JΨ−n ) = −Σ∓(JΨ+n ).
Example 3.3. [20] Clearly, Σ
(
J(ρΛ)
)
(t) = −Σ(JΛ)(t−1) and Σ(J(Λ#Λ′)) = Σ(JΛ#JΛ′) =
Σ(JΛ) + Σ(JΛ′). Consequently,
Σ
(
J(Ψ+n#ρΨ
+
n )
)
=
(
n(t− t−1), t−n − tn).
Let us note that by a standard construction, Ψ+n#ρΨ
+
n is concordant to Ξ, and con-
sequently J(Ψ+n#ρΨ
+
n ) is fiberwise link map concordant to 1Ξ. Since link map concor-
dance implies link homotopy in codimension two (in the usual, non-fiberwise setting),
J(Ψ+n#ρΨ
+
n ) is also link homotopic to 1Ξ. Thus Σ(h) is invariant neither under fiberwise
link map concordance of h, nor under (non-fiberwise) link homotopy.
3.3. Kirk’s invariant. Now let h = h+ unionsq h− : (I unionsq I) × I → I × R2 × I be a generic
link map concordance between string links Λ,Λ′ : I unionsq I ↪→ I ×R2; here “generic” means
that it is a self-transverse smooth immersion. In particular, the sets ∆(h+) and ∆(h−)
of the double points of h+ and h− are finite.
For each h+(x) = h+(y) = z ∈ ∆(h+) let Jz ⊂ I2 be an arc between x and y. Then
h+(Jz) is a loop in I×R2× I \h−(I2). Let lz be the linking number between h+(Jz) and
h−(I2), that is, the class of h+(Jz) in H1
(
I × R2 × I \ h−(I2)
) ' H2(I2, ∂I2) ' Z. As
long as the ordering of the pair of points (x, y) is fixed, lz does not depend on the choice
of Jz, since any two such arcs are homotopic keeping the endpoints fixed. However, there
is no natural ordering of (x, y), so in fact lz is defined only up to a sign.
Also let εz = ±1 be the sign of the double point z, which is defined to be +1 if
and only if the orientation of Tz(I × R2 × I) = dhx(TxI2) ⊕ dhy(TyI2) determined by
a fixed orientation of I2 agrees with a fixed orientation of I × R2 × I. Namely, these
orientations are determined by the usual orientations of I and I×R2× I along with the
usual orientation of the time factor I. Let us note that the factor exchanging involution
on R2 × R2 is orientation-preserving, so εz does not depend on the ordering of (x, y).
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z , z' w , w'ij ijij ij
Figure 2. The Jin suspension of Ψ3,−2
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We define σ(h) to be the ordered pair of polynomials
σ+(h) :=
∑
z∈∆(h+)
εz(t
|lz | − 1) ∈ Z[t],
and σ−(h), which is defined similarly by interchanging the roles of h+ and h−. It is not
hard to see that σ(h) is invariant under link homotopy (and hence is well-defined for
an arbitrary, not necessarily generic, link map concordance h between string links), and
even under link map concordance of h. Clearly, σ(h)|t=1 = (0, 0). If h is a link homotopy
between string links, then obviously σ±(h) = |Σ±(h)|, where | · | : Z[t±1]→ Z[t] is given
by tn 7→ t|n|.
Let f = f1unionsqf2 : S2unionsqS2 → S4 be a link map. Let us connect a generic point in f1(S2)
with a generic point in f2(S
2) by an arc J that is otherwise disjoint from f(S2 unionsq S2).
Then an appropriate small regular neighborhood of J in S4 is a 4-ball B that meets each
fi(S
2) in a 2-disk. Its exterior S4 \B is homeomorphic to I × [−1, 1] × [0, 3] × I by a
homeomorphism h that takes each fi(S
2)∩∂B onto I×{0}×{i}×∂I∪(∂I)×{0}×{i}×I.
Thus hf is a self-link-map-concordance of Ξ. Then σ(f) := σ(hf) is nothing but Kirk’s
original invariant of f [11] (see also [12], [15] for direct proofs of the invariance of Kirk’s
invariant under link map concordance). It has long been an open problem whether Kirk’s
invariant of link maps S2 unionsqS2 → S4 is injective; according to the recent preprint [30], it
is.
Clearly, σ : LCIunionsqI→I×R2 → Z[t] ⊕ Z[t] is a morphism of groupoids, and in particular
σ : SLCΛ → Z[t]⊕ Z[t] is a group homomorphism.
3.4. Generalized Sato–Levine invariant. The generalized Sato–Levine invariant β(L)
of the two-component link L = K unionsq K ′ : S1 unionsq S1 ↪→ S3 was discovered independently
by Akhmetiev (see [1]), Kirk–Livingston [13], Polyak–Viro and Traldi (see references in
[20; §2.2, Remark (i)]). In fact, as observed in [10; proof of Theorem 7.2], it can be de-
fined as β(L) = c3(L) + c1(L)
(
c2(K) + c2(K
′)
)
, where ci is the coefficient of the Conway
polynomial at zi. From this it is easy to check (see [17; Theorem 8.7] or [28; Lemma 2.1]
for the details) that for a pair of two-component links L+ = K+unionsqK ′ and L− = K−unionsqK ′
related by a single crossing change on the first component,
β(L+)− β(L−) = ε lk(K1, K ′) lk(K2, K ′),
where K1 and K2 are the two lobes of the intermediate singular knot, and ε is the sign
of the crossing change (see §2.2 concerning this sign). The similar formula holds for
crossing changes on the second component. From these crossing change formulas and
Figure 3 it is easy to see that β is an invariant of self C2-equivalence.
Example 3.4. Let Λk be some fixed string link with lk(Λk) = k and with β(cl Λk) = 0;
for example, we may take Λk to be the pure braid σ
2k
12 . Let us write clk Λ = cl(Λ#Λk).
Thus β(clk Ξ) = 0 for all k.
Let Ψ be the Whitehead string link (see Example 3.1). There is an obvious link
homotopy between Ψ#ρΨ and Ξ with two double points in the first component. These
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double points have opposite signs, and also opposite linking numbers of the loops lz with
the second component. Hence
β
(
cl0(Ψ#ρΨ)
)− β(cl0 Ξ) = 1 · 1 · (−1) + (−1) · (−1) · 1 = 0,
and consequently β
(
cl0(Ψ#ρΨ)
)
= 0. On the other hand,
β
(
cl1(Ψ#ρΨ)
)− β(cl1 Ξ) = 1 · 1 · 0 + (−1) · (−1) · 2 = 0,
and consequently β
(
cl0(Ψ#ρΨ)
)
= 2.
Thus Ψ#ρΨ is not self C2-equivalent to Ξ. On the other hand, Ψ#ρΨ is concordant
to Ξ by a standard construction, and in particular all its µ-invariants vanish (one of
them is µ(1122) = β ◦ cl0). Thus self C2-triviality of string links is not detected by their
µ-invariants.
3.5. Constraints. Let h = h+unionsqh− be a generic link homotopy between the string links
Λ,Λ′ : I unionsq I ↪→ I × R2. Let λ = lk(Λ) = lk(Λ′). Then lk(clk−λ L) = k, so that, writing
βk(Λ) = β(clk−λ Λ), we have
βk(Λ
′)− βk(Λ) =
∑
z∈∆(h+)
εzlz(k − lz) +
∑
z∈∆(h−)
εzlz(k − lz).
This yields two constraints on Σ:
d
dt
Σ+(h) +
d
dt
Σ−(h)
∣∣∣
t=1
= β1(Λ
′)− β1(Λ) + β0(Λ)− β0(Λ′)
and
d2
dt
Σ+(h) +
d2
dt
Σ−(h)
∣∣∣
t=1
= β1(Λ)− β1(Λ′),
and one constraint on σ:
d
dt
σ+(h) +
d
dt
σ−(h) + d
2
dt
σ+(h) +
d2
dt
σ−(h)
∣∣∣
t=1
= β0(Λ)− β0(Λ′).
It turns out that these constraints suffice to determine the images of Σ and σ:
Theorem 3.5. Let Λ and Λ′ be link homotopic two-component string links.
(a) Σ(LHΛ,Λ′) equals
∆−1
(
0, 0, β1(Λ
′)− β1(Λ) + β0(Λ)− β0(Λ′), β1(Λ)− β1(Λ′)
)
,
where ∆: Z[t±1]⊕ Z[t±1]→ Z⊕ Z⊕ Z⊕ Z is the group homomorphism given by
(f, g) 7→ (f |t=1, g|t=1, f ′ + g′|t=1, f ′′ + g′′|t=1).
(b) σ(LHΛ,Λ′) equals
δ−1
(
0, 0, β0(Λ)− β0(Λ′)
)
,
where δ : Z[t]⊕ Z[t]→ Z⊕ Z⊕ Z is the group homomorphism given by
(f, g) 7→ (f |t=1, g|t=1, f ′ + g′ + f ′′ + g′′|t=1).
Proof. Σ(LHΛ,Λ′) ⊂ ∆Λ,Λ′ := ∆−1
(
0, 0, β1(Λ
′)− β1(Λ) + β0(Λ)− β0(Λ′), β1(Λ)− β1(Λ′)
)
and σ(LHΛ,Λ′) ⊂ δΛ,Λ′ := δ−1
(
0, 0, β0(Λ)− β0(Λ′)
)
by the above constraints. It remains
to prove the reverse inclusions. We first consider the case Λ = Λ′ = Ξ.
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Since σ±(h) = |Σ±(h)|, from Example 3.2 we have σ(JΨ+n ) =
(
n2(t− 1), 1− tn) and
σ(JΨ−n ) =
(
tn − 1, n2(1 − t)). But these clearly generate ker δ. (Let us note that ker δ
consists of pairs (amt
m+ · · ·+a0, bntn+ · · ·+ b0) where the ai with i ≥ 2 and the bi with
i ≥ 1 are arbitrary, and a0, b0 and a1 are fully determined.) Thus σ(SLHΞ) ⊃ ker δ.
It is easy to see that the composition Z[t±1]2 ∆−→ Z4 P−→ Z3, where P (a, b, c, d) =
(a, b, c + d), coincides with Z[t±1]2 Q−→ Z[t]2 δ−→ Z3, where Q(f, g) = (|f |, |g|). Conse-
quently, if (p+, p−) ∈ ker ∆, then (|p+|, |p−|) ∈ ker δ, so there exists a self-link-homotopy
h of Ξ (a suitable combination of the JΨ±n ) such that |p±| = σ±(h) = |Σ±(h)|. Then(
p+ − Σ+(h), p− − Σ−(h)
) ∈ kerψ, where ψ : Z[t±1] ⊕ Z[t±1] → Z[t] ⊕ Z[t] ⊕ Z is
given by (f, g) 7→ (|f |, |g|, f ′ + g′|t=1). But it is easy to see that kerψ is generated
by the values of Σ from Example 3.3, Σ
(
J(Ψ+n#ρΨ
+
n )
)
=
(
n(t − t−1), t−n − tn) and
Σ
(
J(Ψ−n#ρΨ
−
n )
)
=
(
tn − t−n, n(t−1 − t)). Thus Σ(SLHΞ) ⊃ ker ∆.
Finally, given any link homotopy h between Λ and Λ′ and any x ∈ ∆Λ,Λ′ , we have
x−Σ(h) ∈ ∆Ξ,Ξ = ker ∆. By the above, x−Σ(h) = Σ(hΞ) for some self-link-homotopy
hΞ of Ξ. Now the stacked sum h#hΞ is a link homotopy between Λ and Λ
′ such that
Σ(h#hΞ) = Σ(h) + Σ(hΞ) = x. Thus ∆Λ,Λ′ ⊂ Σ(LHΛ,Λ′). The inclusion δΛ,Λ′ ⊂
σ(LHΛ,Λ′) is proved similarly. 
Since link map concordances are link homotopic to link homotopies in codimension
two and σ is invariant under link homotopy, σ(LHΛ,Λ′) = σ(LCΛ,Λ′). Also it is easy to
see that σ(LCΛ,Λ′) = σ(LMS2unionsqS2→S4).
Corollary 3.6. (Kirk [11]) σ(LMS2unionsqS2→S4) = ker δ.
Corollary 3.7. (⊃: Koschorke [14], ⊂: Melikhov–Repovsˇ [20]) Σ(SLHΞ) = ker ∆.
Corollary 3.8. If Λ and Λ′ are link homotopic 2-component string links and βi(Λ) =
βi(Λ
′) for i = 0, 1, then Λ and Λ′ are joined by a link homotopy h such that Σ(h) = 0.
4. Algebra: links
4.1. Kirk–Livingston invariant. Let H = H+ unionsqH− : S1 × I unionsq S1 × I → S3 × I be a
generic link homotopy between links L,L′ : S1unionsqS1 ↪→ S3. Similarly to the above we may
define its Σ-invariant, the only difference being that for each z = H+(x, t) = H+(y, t) in
the double point set ∆(H+) of H+ there are now two ways of choosing an arc Jz ⊂ S1
between x and y, which are equally natural and distinct up to homotopy. However, the
orientation of Jz can still be induced from a fixed orientation of S
1. This leads to two
possible values lz and l
′
z of the linking number between H+(Jz×{t}) and h−(S1×{t}) in
R3×{t}. Their sum is λ := lk(L) = lk(L′). In particular, when λ = 0 we have |lz| = |l′z|
and it is natural to define
Σ+(H) =
∑
z∈∆(H+)
εz(t
|lz | − 1) ∈ Z[t].
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In general, we have |lz − λ2 | = |l′z − λ2 |, and we define Σ(H) =
(
Σ+(H),Σ−(H)
)
, where
Σ+(H) =
∑
z∈∆(H+)
εz(t
|lz−λ2 |−|λ2 | − 1) ∈ t−b|λ2 |cZ[t],
and Σ−(H) is defined similarly, by interchanging the roles of H+ and H−. The point of
subtracting |λ|
2
is to make the exponents integer in all cases (rather than half-integer)
and to keep killing the free term, rather than some other coefficient. We have
∣∣x− λ
2
∣∣− ∣∣λ
2
∣∣ =

x if λ ≤ 0 and x ≥ λ/2;
λ− x if λ ≤ 0 and x ≤ λ/2;
x− λ if λ ≥ 0 and x ≥ λ/2;
−x if λ ≥ 0 and x ≤ λ/2.
Let us also note that |lz − λ2 | − |λ2 | = max(lz, l′z), where  = − signλ if λ 6= 0 and
 = ±1 (chosen arbitrarily) if λ = 0. Clearly, Σ(H)|t=1 = (0, 0), and Σ(H) is invariant
under fiberwise link homotopy of H, and consequently is well-defined for an arbitrary
(not necessarily generic) link homotopy H between links.
Remark 4.1. Let us note that if H were assumed to be only a link map concordance, then
for each double point H+(x, t) = H+(y, s) = z there would have been pi1(S
1 × I) ' Z of
equally natural ways of choosing an arc J ⊂ S1 × I between (x, t) and (y, s), as long as
the ordering of (x, y) is fixed. In this case only the “absolute value” of the mod λ residue
class of lz is well-defined, as an element of {0, . . . , bλ/2c} if λ 6= 0 or as a non-negative
integer if λ = 0.
Example 4.2. As before, we fix some string link Λk with lk(Λk) = k (but now not
necessarily with β(cl Λk) = 0) and write clk Λ = cl(Λ#Λk).
The operation clk can also be applied to a link homotopy h of string links in the obvious
way. Clearly, Σ±(clk h) = |Σ±(h)|k, where | · |0 : Z[t±1]→ Z[t] (previously denoted by | · |)
is given by tn 7→ t|n|, and in general | · |k : Z[t±1]→ t−b| k2 |cZ[t] is given by tn 7→ t|n− k2 |−| k2 |.
Thus we have
Σ(clk JΨ
+
n ) =

(
n2
2
(t+ t−1 − 2) + n
2
(t− t−1), 1− tn) if k ≤ −2 and n ≥ k
2(
n2+n
2
(t− 1), 1− tn) if k = −1 and n ≥ 0(
n2(t− 1), 1− tn) if k = 0(
n2−n
2
(t− 1), 1− t−n) if k = 1 and n ≤ 0(
n2
2
(t+ t−1 − 2)− n
2
(t− t−1), 1− t−n) if k ≥ 2 and n ≤ k
2
Also,
Σ(clk JΨ
+
k−n) =
{( (k−n)2
2
(t+ t−1 − 2) + k−n
2
(t− t−1), 1− tn) if k ≤ −2 and n ≥ k
2( (k−n)2
2
(t+ t−1 − 2)− k−n
2
(t− t−1), 1− t−n) if k ≥ 2 and n ≤ k
2
.
SELF C2-EQUIVALENCE OF TWO-COMPONENT LINKS AND INVARIANTS OF LINK MAPS 14
Example 4.3. Given two link homotopies h, h′ between string links, clk(h#h′) does
not seem to be easily obtainable from clk h and clk h
′. Nevertheless, Σ±
(
clk(h#h
′)
)
=
|Σ±(h#h′)|k = |Σ±(h)|k + |Σ±(h′)|k = Σ±(clk h) + Σ±(clk h′).
In particular, if either k ≤ −2 and n ≥ k
2
or k ≥ 2 and n ≤ k
2
, then
Σ
(
clk(J¯Ψ
+
n#JΨ
+
k−n)
)
=
(k(k−2n)
2
(t+ t−1 − 2) + k−2n
2
(t− t−1), 0),
where  = − sign k.
If k is odd, k 6= ±1, then in the case k = 2n−  we get
Σ
(
clk(J¯Ψ
+
(k−1)/2#JΨ
+
(k+1)/2)
)
=
(
k
2
(t+ t−1 − 2) + 
2
(t− t−1), 0).
If k is even, k 6= 0, then in the case k = 2n− 2 we get
Σ
(
clk(J¯Ψ
+
(k−2)/2#JΨ
+
(k+2)/2)
)
=
(
k(t+ t−1 − 2) + (t− t−1), 0).
Example 4.4. If k is odd, k 6= ±1, let hn denote the stacked sum of n copies of
JΨ+(k−1)/2#J¯Ψ
+
(k+1)/2. Then, if either k ≤ −2 and n ≥ k2 or k ≥ 2 and n ≤ k2 ,
Σ
(
clk(JΨ
+
n#hn)
)
=
(n(n−k)
2
(t+ t−1 − 2), 1− tn).
If k is even, k 6= 0, let hm be the stacked sum of m copies of JΨ+(k−2)/2#J¯Ψ+(k+2)/2.
Then, if either k ≤ −2 and n ≥ k
2
or k ≥ 2 and n ≤ k
2
Σ
(
clk(JΨ
+
n#h(n(k−n)+n)/2)
)
=
(
n(n− k)(t− 1− |k|
2
(t+ t−1 − 2)), 1− tn).
4.2. Constraints. For a generic link homotopy H = H+unionsqH− between links L,L′ : S1unionsq
S1 ↪→ S3,
β(L′)− β(L) =
∑
z∈∆(H+)
εzlzl
′
z +
∑
z∈∆(H−)
εzlzl
′
z.
Taking into account that lzl
′
z = lz(λ − lz) = −lz(lz + |λ|), where lz and l′z are inter-
changeable, this yields a constraint on Σ:
d
dt
(
t1+|λ| d
dt
Σ+(H)
)
+ d
dt
(
t1+|λ| d
dt
Σ−(H)
)
= β(L)− β(L′).
It turns out that this constraint suffices to determine the image of Σ:
Theorem 4.5. Let L and L′ be two-component links with lk(L) = lk(L′) = λ. Then
Σ(LHL,L′) = ∆
−1
λ
(
0, 0, β(L)− β(L′)),
where ∆λ : t
−b|λ
2
|cZ[t]⊕ t−b|λ2 |cZ[t]→ Z⊕ Z⊕ Z is the group homomorphism given by
(f, g) 7→ (f |t=1, g|t=1, (1 + |λ|)(f ′ + g′) + f ′′ + g′′|t=1).
Proof. Σ(LHL,L′) is contained in the specified coset ∆L,L′ of ker ∆λ by the above con-
straint. It remains to prove the reverse inclusion.
If λ is odd, then (1 + |λ|)f ′ + f ′′|t=1 is even for every f ∈ t−b|λ2 |cZ[t], and there exists
an f ∈ t−b|λ2 |cZ[t] such that (1 + |λ|)f ′ + f ′′|t=1 = 2, namely, f(t) = t if λ = ±1 and
f(t) = t + t−1 if λ 6= ±1. If λ is even, then there exists an f ∈ t−b|λ2 |cZ[t] such that
(1 + |λ|)f ′ + f ′′|t=1 = 1, namely, f(t) = t if λ = 0 and f(t) = t − 1 + |λ|2 (t + t−1 − 2) if
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λ 6= 0. Using this observation, it is easy to see that the values of Σ listed in Example
4.2 generate ker ∆λ. Thus Σ(SLHΞ) ⊃ ker ∆λ.
Now given any link homotopy H between L and L′ and any x ∈ ∆L,L′ , we have
x− Σ(H) ∈ ker ∆λ. Hence by the above there exists a self-link-homotopy hΞ of Ξ such
that Σ(clλ hΞ) = x− Σ(H). Here clλ has been defined using an arbitrary string link Λλ
of linking number λ. In particular, we may choose Λλ so that L = cl(Λλ). Then clλ(hΞ)
is a self-link-homotopy of L. By combining it with H we obtain a link homotopy H ′
from L to L′ such that Σ(H ′) = Σ(H) + Σ(clλ hΞ) = x. 
Corollary 4.6. [13] Σ(SLHL) = ker ∆lk(L).
This result is stated at the end of the long Remark in [13; §4], which is apparently
due to the anonymous referee of [13]. However, the proof of this result is omitted (“In
fact, a simple algebraic argument as in the proof of Lemma 4.2 shows that the image
of Φ equals the kernel of Ψ”). In this connection let us note that the above proof of
Corollary 4.6 can well be called “simple” from the conceptual viewpoint — but perhaps
not from the technical one.
Corollary 4.7. If lk(L) = lk(L′) and β(L) = β(L), then L and L′ are joined by a link
homotopy H such that Σ(H) = 0.
5. Geometry
5.1. Whitney disks for singular links. A singular tangle f : N →M will be called a
(−1
2
)-quasi-tangle if it has precisely two double points z = f(x) = f(y) and z′ = f(x′) =
f(y′) and there exist disjoint arcs J+, J− ⊂ N such that f(∂J+) = f(∂J−) = {z, z′}
and the loop given by the concatenation of paths f |J+ and f |J− is null-homotopic in M .
Writing B(x, y) for the unit ball in R2 centered at (x, y), such a null-homotopy can be
thought of as a generic smooth map W of the two-cornered smooth disk D := B(0, 0)∩
B(1, 1) into M sending the lower half-boundary ∂−D := D∩∂B(0, 0) homeomorphically
onto f(J−) and the upper half-boundary ∂+D := D ∩ ∂B(1, 1) homeomorphically onto
f(J+). Since D is orientable, pairs of Whitney umbrellas in W can be cancelled along
double point curves, and thus W can be chosen to be a smooth immersion. Such an
immersion will be called a Whitney disk pairing up the double points z, z′ of the (−1
2
)-
quasi-tangle f .
A singular tangle f : N → M will be called a 1
2
-quasi-tangle if N = K unionsq L, where K
is connected, f |L is an embedding, and f |K : K →M \ f(L) is a (−12)-quasi-tangle.
By a normal homotopy we mean a proper smooth homotopy of a compact 1-manifold
N in a 3-manifold that keeps ∂N fixed and has finitely many double points, all of which
are normal (see §2.2). Let us note that it may have double points occurring at the same
moment.
A ±1
2
-quasi-isotopy is a normal homotopy ht : N → M whose every instant hs is
either a tangle or a ±1
2
-quasi-tangle whose two double points have opposite signs (as
normal double points of the homotopy). The terminology is motivated by [20], where
n-quasi-isotopy is defined for n = 0, 1, 2, . . . .
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Lemma 5.1. Two tangles are (−1
2
)-quasi-isotopic if and only if they are C2-equivalent.
By a theorem of Matveev [18] and Murakami–Nakanishi [25], two links are C2-equivalent
if and only if they have the same linking numbers of the corresponding 2-component sub-
links. However, C2-equivalence for tangles in link complements is more interesting.
Proof. Let J1, J2 and J3 be the 3 strands of the given C2-move (in any order). The
C2-move has the same effect as a certain homotopy whose only intersection points are
two normal double points, each between J1 and J2, which occur simultaneously in time
and have opposite signs (see Figure 3). These two double points can be paired up by a
small embedded Whitney disk, which transversally intersects J3 in one point.
Figure 3. C2-move realized by two simultaneous C1-moves
Conversely, let ht : N → M be a (−12)-quasi-isotopy and hs be its singular instant.
Thus hs is a (−12)-quasi-tangle whose two double points p, q have opposite signs (as
normal double points of ht) and are paired up by an immersed Whitney diskW : D →M ,
transverse to hs(N) except at W (∂D). Thus the immersed Whitney disk meets the image
of N transversally in a finite number n of interior points. We want to replace W by n
embedded Whitney disks, each meeting the image of N transversally in just one interior
point — just like the Whitney disk arising as above from a C2-move.
To do so, let us represent D as the image of I× I under a quotient map Q whose only
non-singleton point-inverses are {0}× I and {1}× I, sent by Q to the corners of D. We
may assume by general position that for t 6= 0, 1 each segment {t} × I is embedded by
WQ and its image meets hs(N) in at most one interior point. Pick a sequence of points
0 = t0 < · · · < tn = 1 such that each strip [ti, ti+1] × I is embedded by WQ and its
image meets hs(N) in a single interior point. It can be arranged that for a sufficiently
small ε > 0 the interval [s− ε, s+ ε] of the homotopy ht has support in a neighborhood
U of h−1s ({p, q}) whose image is disjoint from WQ([t1, tn−1]× I)).
We join the tangles L0 := hs−ε and L2n := hs+ε by the following sequence of 2n
normal crossings (i.e., a normal homotopy). See Figure 4 for the case n = 2. Start by
performing the original crossing of ht at p (without making any crossing at q yet); by
symmetry we may assume that it is a positive crossing. Let L1 denote the resulting
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Figure 4. (−1
2
)-quasi-tangle replaced by n = 2 pairs of simultaneous C1-moves
tangle. Now cross the two strands WQ([ t0+t1
2
, t1+t2
2
] × ∂I) by pushing each halfway to
the other one along the segment W (t1 × I) and introducing a half-twist so as to get a
negative crossing. Let L2 denote the resulting tangle. Then undo the homotopy from
L1 to L2 by repeating it with time reversed, so that the negative crossing just made is
cancelled by the positive crossing of the inverse homotopy. The resulting tangle L3 is
same as L1. Repeat such a cancelling pair of homotopies along each of the segments
t2 × I, . . . , tn−1 × I, thus obtaining tangles L4, . . . , L2n−1 so that L5, L7, . . . , L2n−1 are
the same as L1 and L3. Finally perform the original crossing of ht at q to get the tangle
L2n = hs+ε. It remains to observe that for each i = 0, . . . , n, the combination of the
positive crossing along ti× I (from L2i to L2i+1) and the negative crossing along ti+1× I
(from L2i+1 to L2i+2), if done simultaneously, are paired up by a Whitney disk meeting
the image of N transversally in one interior point. This Whitney disk arises as above
from a C2-move between L2i and L2i+2. 
Corollary 5.2. Two tangles are 1
2
-quasi-isotopic if and only if they are self C2-equivalent.
It is known that two links are 0-quasi-isotopic, i.e. link homotopic, if and only if they
are equivalent up to C2-moves that involve strands from at most two components [27].
Remark 5.3. Since there are no nontrivial type 1 invariant of knots, every knot S1 ↪→ S3
is C2-equivalent to the unknot by the simplest case of the Goussarov–Habiro theorem
[6], [8]. It also follows from this that every string knot I ↪→ I × R2 is C2-equivalent to
the trivial string knot Ξ. Another proof of these facts can be obtained from Lemma 5.1.
Indeed, every generic null-homotopy of a knot can be made into a (−1
2
)-quasi-isotopy
by introducing simultaneously with every crossing change a first Reidemeister move of
the opposite sign.
5.2. Classification: string links. We will use the notation εz, lz, ∆(h+) from the
definition of Σ: LHΛ,Λ′ → Z[t±1]⊕ Z[t±1].
Lemma 5.4. Let h be a generic link homotopy between two-component string links Λ
and Λ′. Suppose that h has precisely two double points z1, z2, where z1 occurs before z2.
Then Λ and Λ′ are joined by a generic link homotopy h′ with precisely two double points
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w1, w2 such that wi occurs on the same component as zi, εwi = εzi and lwi = lzi for each
i = 1, 2, but w1 occurs after w2.
The idea of proof is to “delay” one intersection until another one occurs. To this
end, we grow a “tendril”, which is eliminated after the delayed intersection is finally
performed. The author learned this technique from P. Akhmetiev; the word “tendril” is
also his (see [1]).
Proof. Let us write h as ht : I unionsq I → I × R2. We have z1 = hs1(x1) = hs1(y1) and
z2 = hs2(x2) = hs2(y2), where s1 < s2. Then ht for t ∈ [s1 +ε, s2−ε] is a smooth isotopy,
so it is covered by an ambient isotopy Ht : I×R2 → I×R2, so that, in particular, H0 = id
and H1hs1+ε = hs2−ε. Let J1 be a short arc in I ×R2 connecting hs1+ε(x1) and hs1+ε(y1)
and otherwise disjoint from hs1+ε(I unionsq I). Then H1(J1) is an arc meeting hs2−ε only in
its endpoints. Let J2 be a short arc in I × R2 connecting hs2−ε(x2) and hs2−ε(y2) and
otherwise disjoint from hs2−ε(I unionsq I) and from H1(J1). Since H1 is uniformly continuous,
some neighborhood N2 of J2 is disjoint from H1(N1) for some neighborhood N1 of J1.
Then hs1−ε is isotopic by a smooth isotopy g
1
t to a string link Λ1 that is link homotopic
to hs1+ε by a generic homotopy f
1
t with support in N1. Moreover, we may assume that f
1
t
has precisely one double point v1 that occurs in the same component as z1 and satisfies
εv1 = εz1 and lv1 = lz1 .
Similarly, hs2−ε is link homotopic by a generic homotopy f
2
t with support in N2 to a
string link Λ2 that is isotopic to hs2+ε by a smooth isotopy g
2
t . Moreover, we may assume
that f 2t has precisely one double point v2 that occurs in the same component as z2 and
satisfies εv2 = εz2 and lv2 = lz2 .
It remains to replace the time interval [s1 − ε, s2 + ε] of the link homotopy ht by
the following sequence of link homotopies: (i) g1t ; (ii) HtΛ1; (iii) f
2
t in N2 and identity
elsewhere; (iv) H1f
1
t in H1(N1) and identity elsewhere; (v) g
2
t . 
Lemma 5.5. Let h = h+unionsqh− be a generic link homotopy between two-component string
links Λ and Λ′. Suppose that h has precisely two double points z and w, both in ∆(h+),
such that lz = lw and εz = −εw. Then Λ and Λ′ are 12-quasi-isotopic.
Proof. Let us first consider the case where some (or equivalently each) time instant of
h− is unknotted. We may assume by symmetry that z occurs before w. Arguing as in
Lemma 5.4, we may delay z until w so as to make the two crossings simultaneously. Let
ft = f
+
t unionsq f−t be the resulting link homotopy and let fs : I unionsq I → I × R2 be its singular
instant; its two double points, still denoted z and w, satisfy lz = lw and εz = −εw. Here
lz and lw are defined using the arcs Jz, Jw ⊂ I such that f+s (∂Jz) = z and f+s (∂Jw) = w.
Namely, lz and lw are the classes of h
+
s (Jz) and h
+
s (Jw) in H1
(
I × R2 \ h−s (I)
)
.
If Jw ⊂ Jz, then [h+s (Jz \ Jw)] = 0 ∈ H1
(
I × R2 \ h−s (I)
)
. Since h−s is unknotted
by our assumption, pi1
(
I × R2 \ h−s (I)
) ' Z, and so h+s (Jz \ Jw) is null-homotopic in
I × R2 \ h−s (I). Hence h+s is a 12 -quasi-tangle.
The case Jz ⊂ Jw is similar, but if neither of the two inclusions hold, we need to go
back in time and redefine ft so as to achieve one of these inclusions. It suffices to be
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able to permute a specified endpoint x of Jz with a specified endpoint y of Jw, provided
that the other endpoint x′ of Jz and the other endpoint y′ of Jw do not belong to the arc
[x, y] ⊂ I. To this end let us return to the instant hs−ε for a sufficiently small ε > 0, and
precede the two crossings by pulling h+s−ε(Nx′) past h
+
s−ε(Ny′) along h
+
s−ε([x, y]), where
Nx′ and Ny′ are sufficiently small neighborhods of x
′ any y′ in I. Now perform the
delayed crossings, simultaneously, one between neighborhoods of y and y′ and another
between neighborhoods of x′ and of a point x′′ that is near y but is not in [x, y]. Luckily,
it is easy to see that the resulting link is isotopic to hs+ε. (See Figure 5.)
Figure 5. Rearranging a pair of simultaneous C1-moves
Now let us prove the lemma in the general case. Every knot is C2-equivalent to the
unknot (see Remark 5.3). Hence Λ′ is self C2-equivalent to a string link Λ˜′ = Λ˜′+ unionsq Λ˜′−
such that Λ˜′− is unknotted. Let g be a
1
2
-quasi-isotopy between Λ′ and Λ˜′, and let 1Λ˜′
be the identical self-homotopy of Λ˜′. Then h′ := h ∗ g ∗ 1Λ˜′ is a link homotopy between
Λ and Λ˜′.
By Lemma 5.4 we may delay the two crossings of h′ until 1Λ˜′ ; thus there exist a
1
2
-
quasi-isotopy g′ from Λ to some string link Λ˜ and a generic link homotopy f = f+ unionsq f−
from Λ˜ to Λ˜′ with precisely two double points z′ and w′, both in ∆(f+), such that
lz′ = lw′ and εz′ = −εw′ . By the above, Λ˜ and Λ˜′ are joined by a 12 -quasi-isotopy f ′.
Then g′ ∗ f ′ ∗ g¯ is 1
2
-quasi-isotopy from Λ to Λ′. 
Theorem 5.6. Two-component string links Λ and Λ′ are self C2-equivalent if and only
if lk(Λ) = lk(Λ′) and βi(Λ) = βi(Λ′) for i = 0, 1.
A slightly different classification of two-component string links up to self C2-equivalence
was obtained by Fleming and Yasuhara [4].
Proof. The “only if” assertion is clear. Conversely, since lk(Λ) = lk(Λ′), Λ and Λ′ are
link homotopic. Then by Corollary 3.8, they are joined by a link homotopy h = h+unionsqh−
such that Σ(h) = 0. Thus ∆(h+) is partitioned into pairs (z, z
′) such that lz = lz′ and
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εz = −εz′ ; and similarly for ∆(h−). By Lemma 5.4 we may assume that for every such
pair (z, z′), z′ occurs immediately after z in the homotopy, with no other double points
in between. Then by Lemma 5.5 Λ is 1
2
-quasi-isotopic to Λ′. Hence by Corollary 5.2 Λ
is self C2-equivalent to Λ
′. 
5.3. Classification: links. The following lemma follows by the proof of Lemma 5.4.
Lemma 5.7. Let H be a generic link homotopy between two-component links L and L′.
Suppose that H has precisely two double points z1, z2, where z1 occurs before z2. Then
L and L′ are joined by a generic link homotopy H ′ with precisely two double points w1,
w2 such that wi occurs on the same component as zi, εwi = εzi and |lzi − λ2 | = |lwi − λ2 |
for each i = 1, 2, but w1 occurs after w2.
Lemma 5.8. Let H = H+unionsqH− be a generic link homotopy between two-component links
L and L′, lk(L) = λ. Suppose that H has precisely two double points z and w, both in
∆(H+), such that |lz− λ2 | = |lw− λ2 | and εz = −εw. Then L and L′ are 12-quasi-isotopic.
Proof. This is similar to the proof of Lemma 5.5, except that we now need to improve
the hypothesis |lz − λ2 | = |lw − λ2 | into lz − λ2 = lw − λ2 . This can be done as long as we
are free to choose between lz and l
′
z. But such a choice is indeed possible, since we can
freely slide endpoints of Jz past endpoints of Jw, by the proof of Lemma 5.5. 
Theorem 5.9. (Nakanishi–Ohyama [26]) Two-component links L and L′ are self C2-
equivalent if and only if lk(L) = lk(L′) and β(L) = β(L′).
Proof. This follows from Corollaries 4.7 and 5.2 and Lemmas 5.7 and 5.8 similarly to
the proof of Theorem 5.6. 
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